COMPLEX ANALYSIS 11

Exercise 6, Spring 2011

1. Let h be an analytic function on a domain A. Suppose that a point a € A is an accu-
mulation point of the set F := {w € A : h(w) = 0}. On lectures, it was shown that
then there exists an ~ > 0 such that D, (a) C E.

Let 29 € A be some accumulation point of £ and v = { A(t) : ¢t € [0,1] } C A be a
continuous curve (that is, A is continuous), with initial point zy. Put

T:={sel0,1] : A(t) € E for every t € [0, s]}.

Further, denote 7 := sup 7. Show that

i) T # @ and if s € T then A(s) is an accumulation point of the £ .

i) reT

i) 7 = 1.

Apply this to show that if £ has an accumulation point in A, then h(z) =0 Vz € A.
Hint: Draw an image!

2. Let f be an analytic function on Dg(0), R > 0. Suppose further that f is not a constant
function. Define ¢ : |0, R[ — R,
g(r) = _max  [f(2)]

Show that g is strictly increasing.

3. Let f be an analytic function on a domain A such that the function |f| has a local
minimum on zy € A and |f(2o)| > 0. Show that f is a constant function.

4. Let

f(Z) _ ZZO:I k(i_ﬂ-) _1'

Find the most general analytic extension of f.

5. Let o . .
F =Y g and o)=Y 5
k=0 k=0

Show that g is an analytic extension of f.

6. Study, when the Laurent-series

i 27l (z 4 1)

n=—oo

converges and calculate the sum.



